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ABSTRACT
A new parameterized analytical model is presented to compute the instantaneous radiative forcing (RF) at
the top of the atmosphere (TOA) produced by an additional thin contrail cirrus layer (called ‘‘contrail’’
below). The model calculates the RF using as input the outgoing longwave radiation and reﬂected solar
radiation values at TOA for a contrail-free atmosphere, so that themodel is applicable for both cloud-free and
cloudy ambient atmospheres. Additional input includes the contrail temperature, contrail optical depth (at
550 nm), effective particle radius, particle habit, solar zenith angle, and the optical depth of cirrus above the
contrail layer. The model parameters (5 for longwave and 10 for shortwave) are determined from least
squares ﬁts to calculations from the ‘‘libRadtran’’ radiative transfer model over a wide range of atmospheric
and surface conditions. The correlation coefﬁcient between model and calculations is larger than 98%. The
analytical model is compared with published results, including a 1-yr simulation of global RF, and is found to
agree well with previous studies. The fast analytical model is part of a larger modeling system to simulate
contrail life cycles (‘‘CoCiP’’) and can allow for the rapid simulation of contrail cirrus RF over a wide range of
meteorological conditions and for a given size-dependent habit mixture. Ambient clouds are shown to have
large local impact on the net RF of contrails. Net RF of contrails may both increase and decrease and even
change sign in the presence of higher-level cirrus, depending on solar zenith angle.
1. Introduction
Contrails are aircraft-induced cirrus clouds that may
contribute to global warming (Minnis et al. 1999; Fahey
et al. 1999; Burkhardt and Ka¨rcher 2011). At high am-
bient humidity, contrails develop into contrail cirrus
with properties similar to thin natural cirrus (Schumann
2002). Such contrails warm the Earth system during
night, but may cool during day, in particular for large
solar zenith angles (SZA), small particles, and particle
habits with strong sideward scattering (Meerko¨tter et al.
1999; Myhre and Stordal 2001). Contrails tend to cool
over dark and cold surfaces and tend to warm over
bright and warm surfaces (Meerko¨tter et al. 1999).
Contrails are often optically thin with optical depth (at
550 nm) of about 0.01–0.5 (Voigt et al. 2011). Thin cirrus
in general tends to warm while, during daytime, thick
cirrus tend to cool. Contrails may form above or below
other clouds and are often associated with, or embedded
in, thin cirrus (Sassen 1997; Immler et al. 2008). Ice
particles in young contrails are typically small (1–
20 mm), and smaller than typical cirrus particles (Sassen
1997; Schumann 2002). Ice particles in contrails are
nonspherical. The shape or habit of cirrus crystals varies
in a not-well-known manner (Freudenthaler et al. 1996;
Yang et al. 2010). Ice particles in young contrails are
frozen droplets that may be described as droxtals (Roth
and Frohn 1998). Droxtals differ from spheres in their
scattering phase functions (Yang et al. 2003). With in-
creasing age, the shape and size of contrail particles may
approach that of natural cirrus. All these properties
make simple radiation estimates difﬁcult.
Several studies computed the changes in net down-
ward irradiance (ﬂux) or radiative forcing (RF) caused
by additional thin cirrus and contrails (Stephens and
Webster 1981; Meerko¨tter et al. 1999; Chen et al. 2000;
Myhre et al. 2009; Rap et al. 2010; Fro¨mming et al. 2011;
Markowicz and Witek 2011). Rather complex models
are required to accurately compute the scattering and
absorption properties of ice particles (Key et al. 2002;
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Yang et al. 2003) and to compute the RF for given
contrail properties, insolation, and atmospheric and
surface properties (Fu and Liou 1993). The shortwave
(SW) and longwave (LW) instantaneous RF by a con-
trail within a horizontally homogeneous atmosphere is
the difference of the net downward ﬂux values at the top
of the atmosphere (TOA) with and without the contrail.
The instantaneous RF is an approximation of the stra-
tospherically adjusted RF commonly used in climate
assessments (Hansen et al. 1997; Solomon et al. 2007).
Contrails induce a small radiative cooling in the strato-
sphere (Meerko¨tter et al. 1999), causing only small dif-
ferences between instantaneous and adjusted RF for
contrails (Myhre and Stordal 2001; Marquart 2003;
Hansen et al. 2005; Ponater et al. 2006). Although in-
dividual contrails differ from plane-parallel cloud layers
(Schultz 1998; Gounou and Hogan 2007), contrails
contribute most to RF when being long lasting, in which
case they become rather wide. Therefore aged contrails
are often approximated as thin plane layers in a hori-
zontally homogeneous atmosphere (Minnis et al. 1999;
Fro¨mming et al. 2011). For global simulations with high
temporal and spatial resolution and thousands of con-
trails, this task requires considerable amounts of com-
puting time. Simpliﬁed relationships to estimate the RF
from a layer of cirrus or aerosols have been suggested,
but mainly for such layers in otherwise cloud-free atmo-
spheres (Sobolev and Irvine 1975; Coakley and Chylek
1975; Charlson et al. 1992; Fu and Liou 1993; Baker 1997;
Meerko¨tter et al. 1999; Kokhanovsky et al. 2005; Corti
and Peter 2009).
Traditionally, RF of contrails and cirrus has been
computed for given particle habit as a function of ice
water path (Fu and Liou 1993; Yang et al. 2010), ice
crystal size (Zhang et al. 1999), and size distribution
(Mitchell et al. 2011). For given habit and particle size
distribution, RF depends mainly on the optical depth t
(Ackerman et al. 1988). The optical depth t is obtained
by integrating the product of mass extinction coefﬁcient
b and ice (or liquid) water content over altitude (Hansen
and Travis 1974). As shown in Key et al. (2002), for
a wide set of particle size distributions and habits, b can
be approximated as a function of the effective radius
reff 5 (3/4)V/A, (1)
whereV is the particle volume andA is the mean projected
particle cross-section area of the ensemble of particles in the
cloud (Foot 1988; McFarquhar and Heymsﬁeld 1998;
Schumann et al. 2011). For constant t, RF depends also, but
less strongly, on the effective radius (Meerko¨tter et al. 1999).
In this paper, we develop a fast approximate model to
estimate the LW and SW instantaneous RF at TOA for
an added plane-parallel cirrus or contrail cloud. The
method is designed to be part of an efﬁcient tool for
contrail cirrus prediction known as ‘‘CoCiP’’ (Schumann
2009, 2012). The tool simulates contrails resulting from
a ﬂeet of cruising aircraft, ﬂight by ﬂight, regionally or
globally, for millions of contrail segments. CoCiP com-
putes the optical depth and volume mean radius r of
contrails for given ambient atmospheric conditions
(Schumann 2012) and contains approximations to com-
pute reff for given r (Schumann et al. 2011). The atmo-
spheric conditions are taken from a host meteorological
model (numerical weather prediction or global circulation
climate model). Here, we consider the RF as a small dis-
turbance relative to ﬂuxes at TOA without contrails. The
TOAﬂuxes are assumed to be known from thehostmodel.
These ﬂuxes represent the effects of both cloudy and
noncloudy ambient atmospheres on the radiation ﬁeld.
The RF is computed for a set of ice particle habits
(with random orientation) as a function of t and reff. The
RF results can be weighted according to empirically de-
ﬁned habit mixtures (Baum et al. 2005a; Schumann et al.
2011). The spherical approximation, which can be accu-
rately calculated by Mie theory, is used here only for
discussions and comparisons to previous results.
The contrail RF is computed using an approximate
analytical model, basically a few equations, with some
free parameters. The model equations (see section 3)
are set up to approximate the functional dependence of
the RF on variables characterizing the contrail and the
ambient atmosphere. These functional dependencies
are derived partly from previously suggested simpliﬁed
relationships but mainly by selecting functions with as
few free parameters as possible giving best approxima-
tions to forward calculations. The parameter values are
determined by least squares ﬁts to accurate forward
calculations for a large set of test cases. The method de-
sign aims at limiting the model errors to values smaller
than those from uncertain input values, in particular the
ice particle habits and size distributions (Yang et al.
2010). The forward computations are performed using
the libRadtran radiative transfer package by Mayer and
Kylling (2005) (see section 2). The ﬁt method and the
resultant parameter values are reported in section 4. The
model equations and the results are discussed, and val-
idated for various applications, in clear and cloudy at-
mospheres, by comparison with a priori knowledge
and published results in section 5.
2. Forward model data
Forward simulations have been performed for a large
set of horizontally homogeneous atmospheric and sur-
face conditions with ‘‘libRadtran’’ (Mayer and Kylling
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2005). This code has been successfully validated in sev-
eral model intercomparison studies and by comparison
with observations (Van Weele et al. 2000; Mayer et al.
1997). The code libRadtran offers a ﬂexible interface to
set up the atmospheric and surface conditions as well as
a choice of different radiative transfer equation solvers.
The approach is as described previously (Krebs et al.
2007). For the present application, the irradiances are
computed using the discrete ordinate solver by Stamnes
et al. (1998), version 2.0, with six streams, which allows
accurate simulations of irradiances. SW was calculated
with the correlated-k distribution by Kato et al. (1999),
which covers the wavelength range 0.24–4.6 mm, and
LW was calculated with the correlated-k distribution by
Fu andLiou (1992), which starts from 4.54 mm. Ice cloud
single-scattering properties were parameterized using
the double Henyey–Greenstein approximation (Key
et al. 2002), except for droplets where Mie theory was
used. To determine RF, the forward model is applied
with and without an additional contrail layer.
To cover the variability of contrail RF with respect to
contrail and ambient conditions, the dataset includes
4572 different atmosphere–surface cases for each of
eight habit types. As sketched in Fig. 1, the cases rep-
resent different temperature and humidity proﬁles, over
land and ocean, with and without upper-troposphere ice
clouds and lower-level water clouds. Proﬁles of pressure,
temperature, water vapor, ozone concentration, and
other trace gases were taken from the Thermodynamic
Initial Guess Retrieval (TIGR)-3 dataset (Chevallier
et al. 1998). Although the surface emissivity in the
thermal infrared is set to one, its variability is accounted for
by the variability of the surface temperature. Reﬂection of
radiation at land and ocean surfaces is represented by non-
isotropic wavelength-dependent bidirectional reﬂectance
distribution functions (BRDF). The ocean BRDF is
parameterized as a function of the 10-m surface wind
speed (Cox and Munk 1954; Nakajima and Tanaka
1983). For the land surface BRDF we used the Polari-
zation and Directionality of the Earth’s Reﬂectances
(POLDER)-1 BRDF database, issue 2.00 (Lacaze et al.
2002). The data are grouped into 17 International Geo-
sphere Biosphere Project (IGBP) classes and 12 nor-
malized difference vegetation index (NDVI) classes.
The BRDFswere ﬁtted using a three-parameter formula
(Rahman et al. 1993) for randomly selected pixels from
eight different Moderate Resolution Imaging Spectro-
radiometer (MODIS) scenes over woodland, grassland,
snow, and desert. Each pixel has assigned a spectral al-
bedo (determined by MODIS) as well as an IGBP class
and an NDVI. The procedure covers a wide range of
natural land surfaces.
For each case, 22 properties are varied randomly in
certain ranges; 50% of all cases include a layer of water
clouds, and 50% include a layer of ice clouds; 25% are
cloud free, and 25% contain both water and ice clouds.
The dataset applies for randomly oriented ensembles of
particles, for seven different habit types (see Fig. 2):
spheres (with 1–25-mm radius), and solid columns, hollow
columns, rough aggregates, rosettes, plates, and droxtals
(with 10–45-mm effective radius) (Baum et al. 2005a,b).
The optical properties in the solar spectral range (vol-
ume extinction coefﬁcient, single-scattering albedo, and
asymmetry factor) of the particle ensembles are taken
from Key et al. (2002), except for droxtals, which were
FIG. 1. Setup of the atmospheres and surfaces with contrails,
cirrus, and water clouds, for which the RF of contrails is computed
using libRadtran.
FIG. 2. Ice particles with various habits: spheres, droxtals, aggre-
gates, three-dimensional bullet rosettes, hexagonal plates, hollow
hexagonal columns, and solid hexagonal columns.
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provided by H. Gang and P. Yang (2009, personal
communication). Optical properties for the thermal
spectral range were taken from Yang et al. (2005). The
data for droxtals and those in the thermal spectral range
were processed exactly as the six habits described in Key
et al. (2002), to obtain one consistent dataset. In addi-
tion, a so-called Myhre particle or ﬂat particle with
wavelength independent constant optical properties is
used (Myhre et al. 2009; Markowicz and Witek 2011).
These particles have an asymmetry factor of 0.8 for all
wavelengths and a single-scattering albedo of 1.0 in the
solar spectrum and 0.6 in the terrestrial spectrum. These
values are typical for contrails (Strauss et al. 1997).
Myhre particles are similar to solid hexagonal columns
with ﬁxed effective particle radius of about 32 mm (Key
et al. 2002).
In addition to changes in habit types, other properties
were varied randomly in the dataset within the follow-
ing ranges: cosine of SZA: 0.2–1.0 (SZA between 08 and
788); surface temperature: atmospheric temperature at
z5 0 km,610 K; ice cloud optical depth: 0–10; ice cloud
bottom height: 6–10 km; ice cloud geometrical thick-
ness: 0.5–2 km; water cloud optical depth: 5–50; water
cloud effective radius: 5–15 mm; water cloud bottom
height: 1–2 km; water cloud geometrical thickness: 0.5–
6 km; ocean surface wind speed (for ocean BRDF
model): 1–15 m s21. Hence the dataset covers a wide
range of atmospheric and surface conditions.
Contrails are included in these forward simulations
with variable depth and altitude values, ice water con-
tents, and particle habits. Contrail optical thickness
is varied randomly from case to case over 0–2; contrail
bottom height varies over 9–10 km; contrail geometrical
thickness varies over 0.5–1 km. The atmospheric tem-
perature at contrail midlevel varies between about 200
and 255 K. As a consequence, the optical depth of cirrus
above contrails varies from 0 to 10.
Presently, the libRadtran code allows for only two
cloud types per altitude bin, which we use to treat water
and ice clouds. Therefore, the computations are per-
formed assuming the particle habits and size distribu-
tions of contrail particles and ambient cirrus ice particles
to be the same. This technical restriction, which may give
reasonable results for given optical thickness, should be
overcome in the future.
In total, the dataset contains 36 576 libRadtran cases
with data for SW and LW RF. Figure 3 shows the com-
puted RF versus various contrail or atmosphere proper-
ties. The panels show dependencies of the RF values on
these properties, which form the basis for the model. In
these data, the cooling in the SW dominates, mainly be-
cause of a large fraction of cases with large SZA, and
nonspherical particle habits.
3. Model equations
The parameterization (the ‘‘model’’) computes the
changes in net downward LW and SW ﬂuxes at TOA
induced by an additional contrail layer (for 100% cover)
for given Earth–atmosphere and contrail properties: In
particular, themodel uses the following input (W m22) as
provided by meteorological models: outgoing longwave
radiation (OLR) at TOA; reﬂected solar radiation (RSR)
at TOA; solar direct radiation (SDR); S0, the solar con-
stant, with correction for the variable sun–Earth distance.
Here,m5 cos(u)5 SDR/S0 deﬁnes the cosine of the solar
zenith angle u (SZA).
As can be seen from Fig. 3, RFLW depends mainly on
ﬁve independent properties, OLR, T: atmospheric tem-
perature at the altitude of the contrail midlayer (K), t:
contrail optical depth at 550 nm, tc: optical depth at
550 nm of the cirrus above the contrails, and reff: the ef-
fective contrail ice particle radius (mm). All of them are
incorporated into the model.
For each habit class, we use the following empirical
equation to compute RFLW:
RFLW 5 [OLR 2 kT(T 2 T0)]
3f1 2 exp[2dtFLW(reff)t]gELW(tc)$ 0. (2)
The ﬁve (positive) model parameters for LW are T0, kT,
dt, dlc, and dlr, as explained below. The number of pa-
rameters is the minimum needed for ﬁve independent
properties. The parameter values, as determined in
section 4, are listed in Table 1.
The ﬁrst term in Eq. (2) estimates the change in out-
going LW radiation ﬂux assuming opaque contrails. The
LW ﬂux from space is small and hence neglected in this
approximation. The contrail temperature T is usually
lower than the brightness temperature (related toOLRby
the Stefan–Boltzmann law) of the atmosphere without
contrails. The linear approximation with free parameters
KT and T0 has been found to approximate this ﬂux change
better than any variant of the Stefan–Boltzmann law. The
second factor accounts for the effective emissivity of
the contrail: Here the absorption optical thickness in the
thermal IR is the relevant quantity, which is typically only
50%of the optical thickness at 550 nm. This is considered
by the product of a parameter dt and a factor FLW ac-
counting for the size dependence of the optical properties
(extinction relative to scattering and absorption):
FLW(reff) 5 1 2 exp(2dlrreff). (3)
The last factor approximates the reduction of the OLR
at the contrail level due to a cirrus with optical depth tc
above the contrail:
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ELW(tc) 5 exp(2dlctc). (4)
The LW RF is constrained to positive values, so that
contrails at low altitudes with high ambient tempera-
tures have zero contribution to RFLW.
From Fig. 3 we see that RFSW, for given solar direct
irradiance SDR, depends on ﬁve independent properties:
t, m 5 cosu, effective albedo of the Earth–atmosphere
system Aeff5 RSR/SDR, reff, and tc. This dependence is
parameterized by
RFSW52SDR(tA2Aeff)
2ac(m, t, reff)ESW(m, tc). (5)
The 10model parameters for SWare tA, G, g,Am,Bm,Cm,
Fr, dsr, dsc, and d9sc. In view of the number of independent
properties (5) and the complexity of light scattering, the
number of free parameters is still small. The parameters
are deﬁned to be positive, with values as determined in
section 4 and listed in Table 1.
The ﬁrst factor in Eq. (5) is the incoming solar radia-
tion. The second factor describes the dependence on the
effective albedoAeff. The third factor can be interpreted
as the albedo of the contrail:
ac(m, t, reff) 5 RC(teff)[Cm 1 AmR9C(t9)Fm(m)]. (6)
Its values depends on effective optical depth values:
t9 5 tFSW(reff), teff 5 t9/m, (7)
which are functions of SZA and particle size,
FSW(reff) 5 1 2 Fr [1 2 exp(2dsrreff)], (8)
reﬂectances
FIG. 3. TheRF in the LWand SW ranges from libRadtran (blue and red dots) vs (a) SZA (for
SW) and contrail midlayer temperature (for LW); (b) ratio of RSR to SDR, i.e., effective
albedo Aeff 5 RSR/SDR (SW), and OLR (LW); (c) contrail optical depth t at 550 nm; (d)
contrail effective radius (note the different size ranges for different habits); (e) optical depth tc
at 550 nm of cirrus above contrails; (f) maximum top height of ambient water and ice clouds
(the vertical lines embrace the height range of contrails in this dataset).
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RC(teff)512exp(2Gteff), R9C(teff) 5 exp(2gteff),
(9)
and an empirical function accounting for SZA-dependent
sideward scattering
Fm(m) 5
(1 2 m)Bm
(1/2)Bm
2 1. (10)
Finally,
ESW(m, tc) 5 exp(dsctc 2 d9sctc,eff) (11)
accounts for the optical depth tc of the cirrus above the
contrail and its effective value tc,eff 5 tc/m. The model
computes negative RFSW values; small positive values,
which may occur rarely in absorbing atmospheres
(Meerko¨tter et al. 1999), are not predicted by this model.
The model computes the LW and SW contributions to
RFas a sumof the contributions fromvarious habit classes:
RF 5 
habits
GhabitRFhabit, 
habits
Ghabit 5 1. (12)
Here Ghabit 5 Ghabit(r) is the contribution of each habit
to RF. For contrails with effective particle radius below
30 mm, we assume a size-dependent habit mixture con-
sisting of droxtals, solid columns, and 3D bullet rosettes
(Schumann et al. 2011). Larger contrail particles are
assumed to have the same habits as natural cirrus (Baum
et al. 2005a). The habit model as a function of volume
mean radius r is given in Table 2 of Schumann et al.
(2011). For each habit, reff is computed for given r with
relationships as given in Table 1 of that reference.
Themodel has been coded in FORTRAN 77. A single
evaluation of both the SW and LW contributions to-
gether requires about 22 ms on a modern laptop, about
a factor 105 less than in libRadtran. This makes exten-
sive contrail simulations feasible.
4. Model parameters
The model parameters (see Table 1) have been com-
puted by a least square ﬁt where the sum
S 5 S(x) 5
h

N
i51
Gi(di 2 fi)
2
i

N
i51
G
,
(13)
over all data di and model results fi5 fi(x) (i5 1, 2, . . . ,
N) assumes its minimum for variations in the free
parameters that compose the vector x. Here, S1/2 is the
root-mean-square (rms) error. The weights Gi . 0 may
account for the frequency distribution of independent
properties. Here, we set Gi 5 1 1 1/(ti 1 0.1) to give
cases with low contrail optical depth ti a higher impor-
tance in the ﬁts.
Several algorithms exist to ﬁnd the minimum of S(x);
see, for example, Yang et al. (2000). In principle, the
minimum is characterized by zero derivatives of S with
respect to x. In a certain vicinity around the optimum at
x, the function S(x) exhibits several local minima, some
of which with equal value, so that a unique absolute
minimum and well-deﬁned derivatives may not exist.
The diameter of this vicinity deﬁnes an uncertainty
range for the parameters.
Here we use a simple but reliable, robust, and sufﬁ-
ciently efﬁcient search method that determines the
minimum without explicit knowledge of the derivatives
TABLE 1. Model parameters (5 for LW and 10 for SW) for various habits (spheres, solid hexagonal columns, hollow hexagonal columns,
rough aggregates, rosettes, plates, droxtals, and Myhre approximation). The parameter values assume that temperatures are given in
kelvins, ﬂuxes are in watts per meter squared, and radii are in micrometers.
Parameter Spheres Solid Hollow Rough Rosette Plate Droxtal Myhre
kT 1.935 1.955 1.960 1.959 1.944 1.951 2.304 1.946
T0 152 153 153 152 152 152 166 153
dt 0.941 0.808 0.736 0.676 0.749 0.709 0.928 0.796
dlr 0.211 0.341 0.325 0.256 0.170 1.654 0.202 0
dlc 0.160 0.096 0.092 0.046 0.133 0.087 0.063 0.067
tA 0.879 0.902 0.882 0.899 0.880 0.883 0.899 1.007
G 0.242 0.347 0.288 0.297 0.328 0.438 0.275 0.208
g 0.323 0.393 0.356 0.345 0.408 0.524 0.311 0.275
Am 0.361 0.294 0.344 0.318 0.337 0.311 0.343 0.269
Bm 1.676 1.557 1.711 1.558 1.708 1.718 1.564 1.590
Cm 0.709 0.678 0.688 0.675 0.712 0.713 0.660 0.546
Fr 0.512 0.577 0.597 0.226 0.551 0.818 0.249 0
dsr 0.150 0.025 0.024 0.046 0.048 0.070 0.052 0
dsc 0.157 0.143 0.168 0.149 0.173 0.162 0.172 0.213
d9
sc
0.230 0.198 0.245 0.205 0.248 0.254 0.244 0.302
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of S, overcomes local minima, and determines the un-
certainty range of the results. The search method starts
from an arbitrary initial guess x0, with S(x0) . 0, and
initial steps Dx.  with sizes on the order of the mag-
nitude of x0. The method searches for lower approxi-
mation errors in the neighborhood of the ﬁrst guess. For
this purpose, the method loops over all components i of
the vector x and computes S(x9) for x95 x01 sDxi. The
search ﬁrst considers positive changes, s 5 1, and, if no
lower S value is found there, negative ones, s 5 21. If
S(x9) , S(x
0
), we replace x0 with x9 and start the search
again. Otherwise, the search for smaller S values con-
tinues for the next component i. The search for given Dx
ends when S is a minimum relative to all neighboring
values. Thereafter the search is repeated with pro-
gressively smaller step sizes Dx until the step size drops
below a prescribed small value  of order 1026. To
overcome local minima, the search is repeated several
times starting from the last solution, again ﬁrst with large
initial steps Dx. At the end, a search over the vicinity of
the solution x with the smallest step sizes identiﬁes local
minima in the neighborhood. The diameter of the do-
main containing such local minima deﬁnes the un-
certainty range of the model parameters for the given
database. Largest uncertainties (8%) are found for dsr,
and smallest are found (5 3 1024%) for T0.
Table 1 lists the ﬁtted parameter values. Figure 4
shows the approximation errors in relation to the SW
and LW and net (LW 1 SW) RF values. The errors are
signiﬁcant but are small relative to the various un-
certainties introduced. Figure 5 shows that the model
and the libRadtran results for SW and LWRF correlate
at better than 99%, with mean biases below 2%. For
RFLW (see Fig. 5) the correlation coefﬁcient is r5 0.995,
and the rms error is about 2.1 W m22. For RFSW, the
correlation coefﬁcient is 0.991 with rms error of 4.0 W
m22. On average over all habits, the relative errors are
7.1% for LW and 10.6% for SW ﬂuxes.
The ﬁt results depend on the range of the selected
properties in the libRadtran database. The robustness of
the ﬁt has been investigated by repeating the ﬁt calcu-
lations with subsets of the test dataset. Table 2 shows the
percentage rms errors of the model for contrails con-
taining solid hexagonal columns. The ﬁrst line lists the
results of the present model with parameter values as
given in Table 1. The model ﬁts the LW forcing better
than the SW forcing, but both with errors below 10%.
The same model applied to only cloud-free test cases
gives slightly smaller errors. A separate ﬁt (‘‘reﬁtted’’)
especially for cloud-free cases reduces the errors only
slightly. For cloudy atmospheres, the RF magnitude is
smaller and hence the relative errors are larger. The
model approximates both cloudy and cloud-free atmo-
spheres with similar absolute accuracy. The model error
increases slowly with t (see Fig. 4). Tests for thick
FIG. 4. Radiative forcing (LW, SW, and net) and error of the
present model vs optical depth.
FIG. 5. Correlation between libRadtran and approximation based on present model for (left) SW,
(middle) LW, and (right) net radiative forcing together with linear regression analysis results.
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contrails (1 # t # 2) showed slightly smaller relative
errors than for the whole range of t values. For a case
restricted to thinner contrails (t , 1), the absolute rms
errors are also signiﬁcantly smaller. Hence the model is
suited both for optically thin and thick contrails.
The different model terms are all required to reach high
accuracy, but to a different degree. The LW rms errors are
most sensitive to the value ofT0.When the parametersT0,
kT, dT, and dlc are individually varied by 10%, and the
other parameters reﬁtted to minimum rms errors, the rms
errors increase by 60.9%, 22.6%, 21.8%, 0.08%, and
0.005%, respectively. For the SW parameters, the largest
changes (70.8%) occur for tA and the smallest (0.08%) for
dsc. The latter sensitivity is small partly because cases with
cirrus above contrails are rare in the dataset and partly
because the RF in cloudy atmospheres is smaller com-
pared to the cloud-free case anyway.
The remaining deviations between the model and the
libRadtran data are due to variations of atmosphere–
surface properties not explicitly covered by the model.
In particular, the model does not explicitly account for
contrail altitude and thickness, humidity, presence of
clouds below the contrails, and variations in surface
properties. The dependence of RF on geometrical con-
trail depth is negligible in the libRadtran results.
The largest relative errors occur for SW cloudy land
cases (18%), and the largest absolute error (7.2 W m22)
for SW cloud-free land, mainly because of the aniso-
tropic BRDF of the Earth surface. Far smaller errors are
found over ocean (relative errors for SW cloud-free
ocean 2.5%). Hence, the errors could be reduced sig-
niﬁcantly by using separate sets of parameter values for
cloudy and cloud-free atmospheres and for land and
ocean surfaces, but this would complicate the model and
require further input for applications.
5. Discussion
a. Comparison for idealized cloud-free cases
We discuss the model in comparison with previous re-
sults, ﬁrst for cloud-free atmospheres. Figure 6 compares
the RF values for a contrail with midlevel at 10.5-km
altitude containing spherical particles with a previous
‘‘benchmark’’ result for a cloud-free summer atmosphere
above a Lambertian surface with a surface albedo of 0.2,
obtained with the matrix operator model (Meerko¨tter
et al. 1999). This benchmark has also been used else-
where (Myhre and Stordal 2001; Stuber and Forster
2007; Rap et al. 2010; Markowicz and Witek 2011). As
input for our model in this comparison, we need to know
the OLR and RSR values. Both values, see legend of
Fig. 6, have been provided from the previously published
computations (R. Meerko¨tter 2009, personal communi-
cation). Here, RSR and SDR are functions of the SZA,
for 458 latitude, 21 June.
We ﬁnd excellent agreement for daily mean LW and
SW RF (evaluated with 1-min time resolution). As is
well known (Stephens and Webster 1981), the cloud
emissivity and hence RFLW saturates faster with in-
creasing t than cloud albedo and RFSW (see Figs. 3 and
6). The model simulates an effective contrail albedo
ac(m, t), which increases nearly linearly with t for t , 3
and SZA , 808. This albedo is smallest for spherical
particles and largest for solid hexagonal particles
(varying from 0.13 to 0.25 for t 5 0.3, SZA 5 0).
The coefﬁcient G in the reﬂectance RC of a non-
absorbing cloud layer is related to (12 g), where g is the
TABLE 2. Percentage relative and absolute (W m22) rms errors
for various test datasets and models for solid columns. The model
parameters are derived by ﬁtting the full set of data or for the re-
duced set of data (‘‘reﬁtted’’).
Model Case DLW/LW DSW/SW DLW DSW
Present All sky 6.55 9.19 2.01 4.16
Present Cloud free 4.93 6.64 2.17 5.33
Present, reﬁtted Cloud free 4.81 6.14 2.11 4.93
Present Cloudy 8.01 17.5 1.95 3.64
Present, reﬁtted Cloudy 7.99 13.9 1.95 2.90
Present t , 1 8.19 15.7 1.57 2.48
Present, reﬁtted t , 1 7.63 15.5 1.46 2.45
Present t $ 1 8.01 17.5 1.95 3.64
Present, reﬁtted t $ 1 7.99 13.9 1.95 2.90
Corti and
Peter (2009)
Cloud free 13.08 19.38 5.75 15.6
Corti and Peter
(2009), reﬁtted
Cloud free 9.21 15.19 4.05 12.2 FIG. 6. Daily mean instantaneous SW (short dashed), LW (long
dashed), and net radiative forcing (solid) at TOA for 100% contrail
cover vs optical depth as computed with the present model for
spherical ice particles, in comparisonwithprevious results (Meerko¨tter
et al. 1999). The data result for reff 5 16 mm, T 5 244.68C, OLR 5
279.6 W m22, and reﬂected SW radiation RSR 5 226.7, 204.2, 170.7,
126.5, 60.2, and 0 W m22, at SZA 5 19.1, 35.0, 50.7, 66.5, 82.2, and
908, respectively. Daily mean for 458 latitude, 21 Jun.
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asymmetry factor, a measure for the fraction of light
scattered forward by the cloud particles (Coakley and
Chylek 1975; Baker 1997; Corti and Peter 2009). Consis-
tent with this interpretation, G is smallest for largest g,
that is, for spheres compared to other habits (see Table 1).
The RFSW tends to zero forAeff/ tA, 1 (see Fig. 3).
The quantity tA is the albedo of an atmosphere in which
an additional cirrus cloud does not enhance the albedo.
This value is less than 1 even over ideally reﬂecting
surfaces because of absorption in the atmosphere. For
Myhre particles, with zero SW absorption, tA is largest
compared to other habits and close to 1. The quadratic
dependence on (tA 2 Aeff) accounts for multiple re-
ﬂections between the contrail and the surface (Charlson
et al. 1992). Tests with a term tA(1 2 Aeff) (Corti and
Peter 2009) instead of (tA2Aeff)
2 in Eq. (5) turned out to
be less accurate. Tests with a variable exponent instead of
the constant 2 showed that the value 2 is close to optimal.
For comparison, Table 2 shows the performance of
the parameterization of Corti and Peter (2009) for
cloud-free cases as a function of surface temperature
and surface albedo, ﬁrst with the published parameter
values in comparison to the libRadtran results, and
second with parameter values ﬁtted to the present test
data. In both versions, the present model shows signiﬁ-
cantly smaller errors.
The libRadtran data reveal a decrease of the effective
albedo Aeff with SZA. This suggests an alternative
model with a SZA-dependent tA values and a further
model parameter. However, tests have shown that this
does not reduce the errors signiﬁcantly. We also tested
model variants in which we replaced terms with expo-
nentials 12 exp(2ax) with ax/(11 ax), and found that
the given variant is the one with lowest rms errors. An
exponential dependence on optical depth is expected for
thin cirrus (Sobolev and Irvine 1975; Kokhanovsky et al.
2005).
The LWmodel parameterizes absorption and emission
by the contrail for given contrail temperature T linearly
by kT (T 2 T0). The value of T0 is found close to 150 K,
without obvious physical meaning. This relationship
could be interpreted as a linearization of a dependence on
TkT . A ﬁt with such a function, as suggested by Corti and
Peter (2009), gives an exponent of about 3. This value is
considerably smaller than Stefan–Boltzmann’s tempera-
ture exponent 4 for radiation froma blackbody in vacuum
because of absorbers above the contrail (Corti and Peter
2009). Hence, the coefﬁcient kTmay depend on the water
vapor column above contrails. In fact, as also shown by
the libRadtran data, OLR versus surface temperature is
best approximated with an even smaller exponent (about
2), because of absorbing clouds and water vapor in the
atmosphere above the surface. However, somewhat to
our surprise, the linear ﬁt performs best for the present
set of forward calculations.
The RFLW value increases linearly for small values of
t but gets saturated quickly as modeled by the emissivity
[12 exp(2dtt)]. The value of dt is habit dependent. It is
smallest (0.68) for rough aggregates and largest for
spheres, inversely proportional to the particle size ef-
fective for thermal absorption. For solid hexagonal
columns, the value of dt (0.81) is close to the values 0.79
and 0.75 derived before by Fu and Liou (1993) and Corti
and Peter (2009), respectively. This agreement is satis-
factory in view of different radiation transfermodels and
atmospheres used for calibration in the studies cited.
Figure 7 shows that our model approximates the SZA
dependence as reported in Meerko¨tter et al. (1999) to
reasonable accuracy. Part of the differences are caused
by the surface reﬂectance function, which was Lamber-
tian in the benchmark computations but include more
realistic anisotropic cases in our ﬁt. For SW forcing, the
SZA dependence is very important. The effective opti-
cal depth teff 5 t/m causes a monotonic decrease of SW
forcing for growing SZA. It does not explain the maxi-
mum in RFSW around SZA 708–808 as shown in Fig. 8.
Here, inclusion of the function Fm(m) was essential to
describe this strong dependence of RFSW on SZA. This
dependence is known to be stronger for thin cirrus than
for thick ones (Coakley andChylek 1975), and this fact is
accounted for by multiplying Fm with the reﬂectance
R9C(teff), which is largest for small t and small SZA.
The RF by contrails depends strongly on the ice par-
ticle habit, as can be seen from Fig. 3, and speciﬁcally
from Figs. 8 and 9. The latter results have been com-
puted for conditions similar to those considered in
Markowicz and Witek (2011). Here we had to estimate
FIG. 7. Radiative forcing vs solar zenith angle for spheres. t5 0.52,
reff5 16 mm,A5 0.2, S05 1370 W m
22, T5244.68C, andOLR5
279.6 W m22. Comparison is shown with Meerko¨tter et al. (1999).
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their OLR and RSR values (see Fig. 3). Nevertheless,
the range of values and the shape of the curves are very
similar to those shown in that paper.
Figure 8 stresses the importance of particle habits for
daytime contrail RF. Whereas spheres may cause a net
warming even for quite thick contrails, the other habits
may cause a net cooling of the atmosphere during daytime
even for rather thin contrails because of far stronger
sideward scattering causing (up to 100%) stronger RFSW.
Also RFLW depends on particle habit. The LW difference
between spheres and rough aggregates amounts to 30%.
For other habits the differences remain below 20%.
RF depends also on the effective radius of the contrail
particles (see Fig. 3). Figure 10 shows the size de-
pendence of RF for constant t and constant SZA for the
range of sizes covered by the data. This dependence
reﬂects the size dependence of the ratio of single-
scattering properties of the particles relative to the ex-
tinction determining the optical depth (Key et al. 2002;
Yang et al. 2005). The radius dependence is stronger for
SW than for LW radiation (Baum et al. 2005b). The
increase with radius approximated by the functions
FLW,SW(reff) is caused by increasing absorption and
forward scattering. The absorption coefﬁcient of ice at
10-mm wavelength is about 0.06 mm21 corresponding to
an absorption length of 16 mm (Warren 1984). There-
fore, particles with radius in the order of 10 mm or more
are basically opaque to radiation. For smaller radius,
RFLW is smaller. Droxtals behave similar to spheres in
the LW range (because of nearly equal r/reff and volume/
area ratios) but show stronger RF for SW because of
more sideward scattering caused by the faceted surface.
The size dependence of the RF values for plates is dif-
ferent from those of other habits because of smallest re-
ﬂectance and absorption efﬁciency (Key et al. 2002; Yang
et al. 2005) for the same effective radius as a conse-
quence of their special geometry with rather small reff/r
ratio (Schumann et al. 2011). For theMyhre particles, the
size dependence vanishes because of constant asym-
metry factor, zero absorption in SW, and constant absorp-
tion in LW.
For constant t and constant SZA, Fig. 10 shows that
the net RF is largest for large radii reff. However, for
constant ice water path (IWP), the optical depth in-
creases with decreasing effective radius (at least for
particle diameters large compared to the solar wave-
length), so that the net RF is largest for small particles.
This is consistent with previous studies (Hansen and
Travis 1974; Fu and Liou 1993; Zhang et al. 1999).
b. Comparisons for idealized contrails in a global
cloudy atmosphere
As a more realistic test, we applied our model to the
intercomparison case of Myhre et al. (2009). This test
case (see also Rap et al. 2010; Fro¨mming et al. 2011),
compares instantaneous TOA RF from various global
models with state-of-the art radiation transfer models
and realistic distributions of temperature, clouds, and
surface properties, for one year of meteorological data.
In the intercomparison, each modeling group used their
own meteorological data (from a numerical weather
prediction or a global circulation climate model). An-
nual mean values of the forcing results are used for
comparisons. The test considers a 1% homogeneous
contrail cover with ﬁxed contrail properties around
10.5-km altitude and optical depth of 0.3. To ensure that
differences in single-scattering properties of contrail
particles do not inﬂuence the intercomparison, Myhre
particles with wavelength-independent properties were
speciﬁed, see section 2. The comparisons were performed
FIG. 8. The SW radiative forcing vs solar zenith angle for various
particle habits.
FIG. 9. Net radiative forcing vs optical depth t for various
particle habits.
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both for clear sky and an ‘‘all sky’’ case. Here we com-
pare to the results for the all-sky case, that is, for a uni-
form contrail layer in a cloudy atmosphere.
The present model is applied using forecast data (3
hourly) for pressure, temperature, cirrus ice water con-
tent IWCC, and radiative ﬂuxes (OLR, RSR, SDR) at
TOA for the year 2006 with 18 horizontal resolution from
the Integrated Forecast System (IFS) of the European
Centre for Medium-Range Weather Forecasts (ECMWF;
see http://www.ecmwf.int/research/ifsdocs/). The optical
depth of cirrus above contrails is computed from these
data for given cirrus-extinction bC 5 3QCextIWCC/
(4ricereffC), ice bulk density rice5 917 kg m
23, and cirrus
particle extinction efﬁciency QCext 5 2. The effective
radius is determined as a function of temperature and ice
water content of the ECMWF cirrus (Sun 2001; Sun and
Rikus 1999). In this application we assume that the OLR
and RSR values account for broken cloud cover and as-
sume that the contrails are randomly distributed.
Figure 11 shows the SW, LW, and net annualmeanRF
ﬁelds computed with the present model, averaging over
3-hourly results. The results from our model are similar
to those of ﬁvemodels shown inMyhre et al. (2009). The
geographical distribution exhibits, as expected, a maxi-
mumnegative SW forcing over dark surfaces (cloud-free
ocean areas), while the SW forcing is small over snow
(Arctic and Antarctic) and high clouds (e.g., in the in-
tertropical convergence zone). Maximum LW forcing is
computed for a contrail layer over the warm and cloud-
free deserts (in North Africa and Australia) and in the
subsidence branches of the Hadley cell over the sub-
tropical oceans. The net results differ more strongly
between the models. Two out of the ﬁve models ﬁnd
slightly negative net values regionally. Our model gives
positive mean values everywhere for this application,
but the values are close to zero over the maritime con-
tinent in the tropical western Paciﬁc, the Himalaya, and
parts of the Antarctic.
The mean values of this model and of the other
models [from Fig. 5 inMyhre et al. (2009) for all sky] are
listed in Table 3. The model acronyms are explained in
the reference paper. The statistical uncertainty of the
annual mean values obtained from daily mean values is
2%. We see that the global mean RF values computed
with the present model for this intercomparison case
agree very well with the results from the other models. It
deviates by less than 10% from the results of the ﬁrst
model listed in this table, which uses meteorology data
and radiative transfer models similar to those used here.
c. Contrails above, within, or below clouds
The RF by contrails changes considerably when form-
ing above, within, or below other clouds. Low-level clouds
generally cause high RSR (high albedo) and low OLR.
Hence they reduce both the negative SW forcing and the
positive LW forcing. Figure 3f shows that the changes in
SW RF dominate, so that low-level water clouds gener-
ally cause an increase in net RF of contrails relative to
cloud-free cases. Figure 3e shows that contrails contribute
considerably to RF even when forming in or below am-
bient cirrus of optical depth up to about 10.
The present model accounts for the change in RF by
reducedRSRandOLR,which enter themodel equations
directly. The additional change of contrail RF by cirrus
FIG. 10. Radiative forcing (SW: red, LW: blue, and net: thin black) vs effective radius for
various particle habits, SZA 5 608, t 5 0.3, other properties as in Fig. 8.
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FIG. 11. Annual mean local (top) SW, (middle) LW, and (bottom) net radiative forcing vs
longitude and latitude for a globally homogeneous contrail layer with 1% cover at 10.5-km
altitude and Myhre particles. From the top to bottom panels, the minimum/maximum values
are 20.19/20.02, 0.05/0.32, and 0.02/0.18 W m22.
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above the contrail is not very strong (Fig. 3e) relative to
the clear-sky case. It is approximated as a function of
cirrus optical depth tc in the factors ELW,SW [Eqs. (4)
and (11)]. Figure 12 shows the correlation between the
libRadtran results and the model for cases with cirrus
above the contrails. The correlation is not quite as good as
for the whole dataset, but still reasonable (correlation
coefﬁcients larger than 0.98 both for SW and LW). Be-
cause of the weak inﬂuence of tc, the correlation co-
efﬁcients depend only weakly on the model parameters in
ELW,SW. Note that the ﬁt is limited to optical depth of
cirrus above contrails between 0 and 10. This range should
be sufﬁcient for most applications. In the global inter-
comparison case (section 5b), the cirrus above the contrail
is thin (tc, 3) because of low ice water content due to low
ambient temperatures above contrails at 10.5-km altitude.
Hence, the model may be applied also for contrails above
or below other clouds.
The libRadtran results reveal that RFSW gets stronger
(more negative) for small SZAbut weaker for large SZA.
This effect is reﬂected by the different signs of the terms
with tc and tc,eff in ESW, Eq. (11). For example, for solid
column particles and tc5 3, the factor values are ELW5
0.75 and ESW 5 1.15 0.34 for SZA5 208 and 758, re-
spectively. Hence, high-level cirrus may both increase and
decrease the SW RF depending on SZA. The SZA-
dependent changes are caused by either larger (for small
SZA) or smaller (for large SZA) downward SW radiances
reaching the contrail because of sideward scattering of
solar light by the cirrus particles. The LW RF of contrails
below high-level cirrus is always smaller than below clear
air. Hence, the local net RF of contrails may change sign
when forming in the presence of cirrus instead of clear air.
6. Conclusions
An analytical parametric model has been presented
that allows fast computations of the radiative forcing by
a contrail or an added cirrus layer. Unlike earlier stud-
ies, the RF is computed not as a function of surface
properties (albedo and temperature) but as a function
of TOA reﬂected shortwave and outgoing longwave
radiation. These ﬂuxes are available from numerical
weather prediction or climate model results, and may be
measured from space. This makes the model applicable
both to cloud-free and cloudy atmospheres. The model
accounts for dependence of RF on contrail temperature,
optical depth, effective particle radius, solar zenith an-
gle, and the optical depth of cirrus above the contrail. In
particular, the model captures the RFSW minimum at
large solar zenith angles. The model includes eight habit
types. RF results may be weighted according to empir-
ically deﬁned habit mixtures, but data are missing to test
this approach. The model approximates forward calcu-
lations with an accurate radiation transfer model with
relative errors of about 7% for LW and 11% for SWRF.
In view of other uncertainties—for example, differences
in RF for different habits of the order 100% as exhibited
in Figs. 8 and 9, and similarly large differences between
various global model results for a well-deﬁned in-
tercomparison case (Table 3)—this appears to be ac-
ceptable for practical applications. The main advantage
of themodel is its simplicity, whichmakes the simulation
of millions of contrail cases possible within seconds of
computing time.
The model has been validated for various test cases. In
agreement with other studies we ﬁnd a strong sensitivity
of contrail RF to solar zenith angle and particle habits.
For constant optical depth, the RF is slightly dependent
on the particle size because the ratio of extinction to
scattering and absorption changes with particle size. In
addition, we have discussed the impact of ambient cirrus
on contrail RF. Low-level clouds below the contrail
TABLE 3. Radiative forcing (W m22) for a global intercomparison
case (Myhre et al. 2009). Here UiO-BBM is the University of Oslo
broadband model, UoR-FU is the University of Reading/Fu and
Liou model, UW-FU is the University of Warsaw/Fu and Liou
model, UoL-E-S is the University of Leeds/Edwards–Slingo radia-
tion code, and CNRM-ARPEGE is the Centre National de Re-
cherches Me´te´orologiques Action de Recherche Petite Echelle et
Grande Echelle model.
Model LW SW Net
UiO-BBM 0.202 20.105 0.097
UoR-FU 0.203 20.079 0.124
UW-FU 0.229 20.082 0.148
UoL-E-S 0.276 20.119 0.158
CNRM-ARPEGE 0.340 20.150 0.190
Present model 0.213 20.117 0.096
FIG. 12. Correlation between libRadtran and present model re-
sults (‘‘approximations’’) for radiative forcing by contrails within
or below cirrus (LW and SW).
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generally increase the local net contrail RF by stronger
reduction of the SW RF relative to the LW part. Con-
trails contribute considerably to SW RF even when
forming in or below ambient cirrus of optical depth up to
about 10. The net RF of contrails may both increase and
decrease and even change sign in the presence of cirrus
depending on solar zenith angle.
The model may be improved in future studies. In
particular, the habit mixture should be included already
when setting up the optical properties of the particle
ensembles in the forward model calculations. This
would also further reduce the computing time. The
forward model should be extended to include contrails
with habit and size distributions different from those in
ambient cirrus. Effective radius values below 10 mm
should be included for all habits occurring in thin cirrus
and contrails, in particular droxtals. Finally, other
functional dependencies may be found, possibly in-
cluding other atmosphere–surface or contrail properties
approximating the forward simulation results with
smaller deviations. Atmospheres may be taken from the
output of numerical weather prediction models for
meteorological and air trafﬁc conditions where contrails
occur, which may then also allow to account for the
impact of the water vapor column changes above con-
trails. The present study is restricted to particles with
random orientation; other orientations may be of in-
terest as well. Finally, if three-dimensional forward
simulations would be possible for a large set of param-
eter values, one could also account for more realistic
contrail geometries.
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